ABSTRACT. Let A be a quasi-local ring of global dimension n < <*>. Assume that its center R is a noetherian domain, that A is finitely generated torsionfree as an .R-module, and that R is an R-direct summand of A. Then R is integrally closed in its quotient field K and Macauley of dimension n. Furthermore, when n = 2, A is a maximal Rorder in the central simple K-algebra A ®^j K. This extends an earlier result of the author, in which R was assumed to have global dimension 2. Examples are given to show that in the above situation R can have infinite global dimension.
Introduction. Let R be a commutative noetherian domain with quotient field K, and let A be a central R-algebra which is finitely generated and torsionfree as an R-module. Assume further that R is an R-direct summand of A. Then if the global dimension of A is « and A is quasi-local, R is integrally closed in K and Macauley of dimension n. Harada [7] had proved that when n = l,R is a Dedekind domain, without assuming that A is quasi-local, or that R is an R-direct summand of A.
When n = 2 we can say more. Then A is Ä-reflexive and, in fact, is a maximal border in the central simple ^f-algebra 2 = A 0^ K. This extends an earlier result of the author [13] in which R was assumed to be regular local of dimension 2.
Using skew power series rings we give a general method for constructing examples of local orders with finite global dimension whose centers have infinite global dimension. By means of these examples we show that the abovementioned result is indeed an extension of the earlier one. We conjecture that, in general, these skew power series orders are maximal. 0. Notation and conventions. In this paper all rings have 1 and all modules are unital. R will always denote a commutative noetherian local domain with quotient field K. A will denote a central R-algebra, finitely generated and torsion-free as an R-module. Gl. dim. stands for global dimension, while l.p.d. and 1. Preliminary results. Let (A, tn) be a commutative noetherian local ring and T any A -algebra which is finitely generated as an A -module. For a multiplicatively closed subset S of A -[0},AS will denote the localization of A at S, and for any .4-module M, Ms = As ®A M. Furthermore, if p is a prime ideal of A, we will follow the usual convention and write M^ instead of MA_^. Proof. The preceding proposition shows that R is Macauley of dimension n. Hence, in particular, every principal ideal of R is unmixed. Therefore, according to [12, Theorem 12.9, p. 241] , to show that R is integrally closed, it suffices to show that for each height one prime p, R^ is integrally closed (or equivalently, a discrete valuation ring). Then Ly G A, and y ~^ Ly defines a ring homomorphism T -> A which is clearly one-to-one. On the other hand, if a G A, then a extends to a right 2-endomorphism of 2, where 2 is the common quotient ring of T and £2. This endomorphism is just left multiplication by some element a G 2. Hence a itself is left multiplication by a, and ar = o(T) C r, so a G T. Hence a = La, and the map 7 ~* Ly is an isomorphism of T onto A. Hence Í2 = EndA(r) = Endr(r). T is now being viewed as a right T-module, and so Endr(r) = T. Hence Q, = T. D Theorem 2.2. Suppose A is quasi-local and gl. dim. A = 2. Let R be the center of A Assume that R is a domain with quotient field K and A is a finitely generated torsion-free R-module. Assume further that R is an R-direct summand of A Let 2 = A ®Ä K. Then A is R-reflexive and a'maximal R-order in the central simple K-algebra 2.
Proof. Note that R is local since A is quasi-local, AD R, and A is a finite Ä-module. By Theorem 1.6, R is integrally closed in K and Macauley of dimension 2. Let T be a maximal Ä-order in 2 which contains A. Then T is ¿^-reflexive Since R C RL, RL = K, the quotient field of R. Thus if T is any R-order in 2, 2 = YK = TRL = T¿, and hence T ®5 ¿ = 2. Since T is a finite R-module, it is also finite as an 5-module. Thus f is an 5-order in 2. Now consider the maxiLicense or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use mal R-order £2. We claim that it is also maximal as an S-order in 2. For if A is any 5-order in 2, then AR is an R-order in 2. Thus if £2 C A, then since A C AR, we have £2 C AR and by the i?-maximality of £2, £2 = AR. Hence £2 = A, and £2 is indeed S-maximal. We now appeal to [13, Theorem 5.4 ], observing that nowhere in its proof did we use the fact that the regular local ring of dimension 2 was actually equal to the center of A, but only that A was finitely generated as a module over this ring. D
In the next section we shall give an example to show that the hypotheses of Theorem 2.3 do not imply that R is regular local, and thus the theorem is a generalization of [13, Theorem 5.4]. Theorem 2.4. Let R be a noetherian integrally closed local domain, and A an R-reflexive R-order in the central simple K-algebra 2. Assume that R is an R-direct summand of A. Suppose that for some nonzero, nonunit x E R, {x) is prime, R/{x) is integrally closed, A^ is R^-separable, and A/xA is a maximal R/{x)-order in A^/xA^y Then A is maximal.
Proof Proof. Let n = o{G). Define /: A -> AG by f{a) = n~x2oGGo{a). Clearly / is ^4G-linear and the restriction of / to AG is the identity map. D Note. An example of Nagarajan [11] shows that the hypothesis in Corollary 3.4 that A is a finite .4G-module, is not superfluous. A regular local ring A and an automorphism o are constructed so that o(a) = 2 and A" is not noetherian. Hence A is not a finite ^"-module. On the other hand, the characteristic of A is 2, so o(a) is not invertible in A.
An example of M. Bertin [4] shows that if o(G) is not invertible in A, AG may fail to be Macauley. We shall now show that as an R-order in the division algebra A ®R K, A 
